A weak wild arithmetic quotient singularity arises from the quotient of a smooth arithmetic surface by a finite group action, where the inertia group of a point on a closed characteristic p fiber is a p-group acting with smallest possible ramification jump. In this paper, we give complete explicit resolutions of these singularities using deformation theory and valuation theory, taking a more local perspective than previous work has taken. Our descriptions answer several questions of Lorenzini. Along the way, we give a valuation-theoretic criterion for a normal snc-model of P 1 over a discretely valued field to be regular.
Introduction
A closed point x on an integral normal scheme X is called a quotient singularity if the local ring A := O X ,x can be written as A = B G , where B is a regular local ring and G is a finite group of local automorphisms of B. The quotient singularity x ∈ X is called tame if we can choose B and G such that the order of G is prime to the residue characteristic of B. Otherwise, we call it a wild quotient singularity. In this paper we will be exclusively concerned with the case where X has dimension 2.
We assume that there exists a desingularization of X , i.e. a birational and proper morphism f :X → X such thatX is regular (this holds under very mild assumptions on X , see [Lip69] ). Then we may also assume that the desingularization f :X → X is minimal with the property that the exceptional divisor E := f −1 (x) is a reduced normal crossing divisor onX . The resolution graph of the singularity is the dual graph of E, enhanced by the self intersection numbers of the irreducible components. One of the main questions motivating this work is the problem of classifying the resolution graphs of wild quotient surface singularities. As this question remains wide open, a more modest goal is to systematically produce explicit examples of such singularities with interesting resolution graphs.
There is an extensive literature on quotient singularities on complex surfaces. For instance, Brieskorn [Bri68] has classified the resolution graphs of such singularities. 1 It turns out the resolu-tion graphs are either chains or have a unique node of valency 3. Moreover, quotient singularities on complex surfaces are always rational (see e.g. [Bri68] , Satz 1.7).
Much less is known in the wild case. Lorenzini has shown ([Lor13] , Theorem 2.8) that the resolution graph of a quotient singularity in dimension 2 is always a tree, and that the irreducible components of the exceptional fiber are smooth of genus 0. However, wild quotient singularities in dimension 2 need not be rational (counterexamples were first given by Artin in [Art75] ). Schröer and Ito have shown (see [IS12] , Corollary 2.2) that the resolution graph of a wild quotient singularity has at least one node. In a series of papers ([Lor13] , [Lor14] , [Lor18] ) Lorenzini has studied certain wild quotient singularities which arise on integral models of curves over local fields. The present paper is motivated by this work and arose from an attempt to answer some of the questions posed therein.
In particular, we restrict in this paper to the case of weak wild arithmetic quotient singularities, see Definition 3.4. These are wild quotient singularities arising from integral models of curves over local fields where the group action on the special fiber is weakly ramified, i.e., has smallest possible ramification jump. These singularities appear, for example, on models of curves with potentially good ordinary reduction, as is studied in [Lor14] . One can think of these singularities as the "mildest possible" wild quotient singularities, and they seem to be the most amenable to study. For instance, Lorenzini showed in [Lor18] that they are rational when they arise from products of curves in characteristic p. We show, in fact, that every weak wild arithmetic quotient singularity is rational (Corollary 4.13).
Results and techniques
In this paper, we give a complete, explicit description of the resolution of any weak wild arithmetic quotient singularity (Theorem 7.6). We show that the resolution graph is a tree with at most e nodes when the singularity comes from a (Z/p) e -action on a smooth arithmetic surface. Furthermore, we relate the multiplicities and self-intersection numbers of components of the special fiber of the resolution to the arithmetic complexity of a certain extension of local fields, along with a generator of that extension. This answers (generalizations of) several questions of Lorenzini from [Lor14] .
For an example of our results, let K be a complete discretely valued field with algebraically closed characteristic p residue field. If X is a smooth projective curve defined over K that has bad reduction, but has good reduction over a Z/p-extension L/K, and if X is a smooth model of X × K L over O L , then the action of Gal(L/K) on X gives rise to a model X ′ of X with wild quotient singularities, which are all weak if X has ordinary special fiber (some might be weak even if X does not have ordinary special fiber). Lorenzini conjectured that if X is ordinary, then the resolution graph of each singularity of X ′ contains exactly sp − 1 vertices between the vertex corresponding to the strict transform of the special fiber of X ′ and the unique node of the graph, where s is the jump in the ramification filtration for L/K. We prove this for weak wild Z/p-arithmetic quotient singularities on X individually, regardless of whether or not the special fiber is ordinary (Corollary 7.10 and Remark 7.12). Our techniques differ significantly from what has been used before for these types of problems. In particular, we rely less on global intersection theory, and more on local deformation theory and valuation theory. These local techniques allow us to obtain information about weak wild arithmetic quotient singularities independent of the global curves where they appear.
Specifically, we first use a deformation-theoretic argument inspired by work of Bertin and Mézard ( [BM00] ) to show that every weak wild arithmetic quotient singularity over K is for-
Outline
In §2, we give some basic results on extensions of discrete valuation fields and on continued fraction expansions. We also introduce the concept of an N -path, which will be convenient for describing the valuations corresponding to our resolutions of singularities. In §3, we give definitions and background on arithmetic quotient singularities, in particular the weak and wild ones that are the subject of this paper. In §4, we use deformation theory to prove that weak wild singularities can be realized inside models of P 1 . In §5, we introduce Mac Lane valuations and diskoids, which can be viewed as rigid-analytic analogs to disks when one is working over a non-algebraically closed field. Diskoids give a useful geometric way of thinking about Mac Lane valuations. In §6, we use properties of diskoids to classify weak wild arithmetic quotient singularities in terms of Mac Lane valuations. Finally, in §7, we show how to resolve singularities coming from certain collections of Mac Lane valuations, and we exhibit the resolution of weak wild arithmetic quotient singularities as a consequence.
1.3 Notation Throughout the paper k is an algebraically closed field of characteristic p, and K is a complete discrete valuation field with residue field k. For any finite extension L/K, we write π L for a uniformizer of L, and we normalize the valuation v L on L so that v L (π L ) = 1. We write O L for the valuation ring of L. Note that L/K is totally ramified, a fact that we will use implicitly throughout the paper. We mainly restrict our consideration to arithmetic surfaces over some O L . This restriction is standard and is justified in §3.3.
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Preliminaries

Extensions of local fields
Recall from [Ser68, IV] that if L/K is a G-Galois extension, then for i ≥ −1 we define the higher ramification groups
Note that we do not use the so-called "upper numbering filtration" in this paper. Then G = G −1 = G 0 is the inertia group of L/K, and G 1 is the wild inertia group. We say that L/K is weakly ramified if G i is trivial for all i ≥ 2. We say that s is a jump in the higher ramification filtration
The following proposition is a direct consequence of [Ser68, p. 67 
Proof: Let v(x) = ν, and write
Since the residue field k is algebraically closed, we can write
Let s be maximal such that the higher ramification group G s is nontrivial.
To prove part (ii), let τ ∈ G s be a nontrivial element, and let
By assumption, the same is true after replacing τ by any nontrivial σ ∈ G. ✷ Proposition 2.5 If L/K is a G-extension with G a p-group and char(K) = p, then no ramification jump of L/K is divisible by p.
Proof: By [Ser68, IV, Proposition 11], it suffices to show that the first jump is not divisible by p. Since the (lower numbering) filtration is compatible with taking subgroups, we may assume G ∼ = Z/p, in which case the result is well-known (see, e.g., [Ser68, p. 72, Ex. 5]). ✷ 2.2 Negative continued fractions and "shortest N -paths" Given a rational number y, there is a unique way of expressing y in the form
where the a i are integers with a i ≥ 2 for i ≥ 1. This is called the negative continued fraction expansion of y, and its truncation at a i , written as b i /c i in lowest terms, is called the ith convergent. For short, we sometimes write such a negative continued fraction expansion as y = [a 0 , a 1 , . . . , a n ].
Proposition 2.6 The b i and c i satisfy the recurrence relations
In particular, the convergents form a decreasing sequence. Proof: This follows from the recursive formulas in Proposition 2.6 using induction and the fact that a i ≥ 2 for i ≥ 1. 
Proof: By Corollary 2.7, the c i are monotonically increasing. Thus 
for 0 ≤ i ≤ n − 1. If, in addition, no proper subsequence of b 0 /c 0 > · · · > b n /c n containing b 0 /c 0 and b n /c n is an N -path, then the sequence is called a shortest N -path from a to a ′ .
Remark 2.11 In fact, there is a unique shortest N -path from a ′ to a, but we will not use this fact, so we will not prove it.
The following proposition will be useful in §7. The following lemma allows us to focus on 1-paths.
is a shortest 1-path between a and a ′ , then 
Since lcm(N,c i ) = N c i for all i (Lemma 2.9), we are done. ✷ Lemma 2.14 Let a ∈ Q\Z be positive.
(i) A shortest 1-path from ⌈a⌉ to a is given by the successive convergents in the negative continued fraction for a.
(ii) If 0 < a < 1, a shortest 1-path from a to 0 is given by taking a shortest 1-path from ⌈1/a⌉ to 1/a, inverting each entry, reversing the order, and appending 0 at the end. In particular, the nonzero entries are the reciprocals of the convergents of the negative continued fraction expansion of 1/a.
(iii) For general a, a shortest 1-path from a to ⌊a⌋ is given by adding ⌊a⌋ to each entry of a shortest 1-path from a − ⌊a⌋ to 0, which can be calculated from part (ii).
Proof:
To prove (i), we first note that the first entry in the negative continued fraction expansion of a is ⌈a⌉. If b i /c i > b i+1 /c i+1 are two consecutive convergents written in lowest terms, then Proposition 2.6 shows that b i /c i − b i+1 /c i+1 = 1/c i c i+1 , so the convergents form a 1-path. Given a proper subsequence of convergents, consider two non-consecutive entries b i /c i > b i+r /c i+r with r > 1. By Corollary 2.8, their difference exceeds 1/c i c i+r , so the proper subsequence is not a 1-path. Thus the convergents in fact form a shortest 1-path, proving (i).
To prove (ii), first observe that if b i /c i > b i+1 /c i+1 are two consecutive entries in any 1-path, written in lowest terms, then c i+1 /b i+1 − c i /b i = 1/b i b i+1 . This shows that inverting and reversing a 1-path yields a 1-path. But since "inverting and reversing" is an involution, applying it to a shortest 1-path yields a shortest 1-path. Thus the construction in (ii) yields a shortest 1-path P from a to 1/⌈1/a⌉. Observe that 1/⌈1/a⌉ is the only entry in this path with a numerator of 1, since ⌈1/a⌉ is the only integral convergent of the negative continued fraction expansion of 1/a. Appending 0 (= 0/1) at the end of P keeps it a 1-path, and the fact that 1/⌈1/a⌉ is the only entry with numerator 1 shows that it is a shortest 1-path. This proves (ii). Part (iii) is trivial. ✷ Corollary 2.15 For any non-negative rational numbers a > a ′ , a shortest 1-path from a to a ′ is given by concatenating paths P , Q, and R, where P is a shortest 1-path from a to ⌊a⌋, Q is the 1-path ⌊a⌋ > ⌊a⌋ − 1 > · · · > ⌈a ′ ⌉ + 1 > ⌈a ′ ⌉, and R a shortest 1-path from ⌈a ′ ⌉ to a ′ .
Proof: By construction, the path S given by concatenating P , Q, and R is clearly a 1-path. It is not possible to remove any element of Q from S while keeping it a 1-path, as this would leave two consecutive entries that differ by more than 1. But no entry from the interior of P or R can be removed either, since P and R are shortest 1-paths. So S is a shortest 1-path. ✷ Corollary 2.16 For any non-negative rational numbers a > a ′ and any N > 1, a shortest N -path from a to a ′ is given by concatenating paths P , Q, and R, where • Q is the path
• R is obtained by taking the convergents of the negative continued fraction expansion of N a ′ and dividing each convergent by N .
Proof: This follows from Corollary 2.15, where path P is constructed using Lemmas 2.13 and 2.14(iii), path Q is constructed using Lemma 2.13, and path R is constructed using Lemmas 2.13 and 2.14(i). ✷ Example 2.17 A shortest 3-path from 26/9 to 2/5 is given by 26/9 > 17/6 > 8/3 > 7/3 > 2 > 5/3 > 4/3 > 1 > 2/3 > 1/2 > 4/9 > 5/12 > 2/5. The paths P , Q, and R from Corollary 2.16 go from 26/9 to 8/3, from 8/3 to 2/3, and from 2/3 to 2/5, respectively. Proof: Consider the paths P , Q, and R from Corollary 2.16. If i is such that b i /c i lies in path Q, the result is obvious. So we may assume that b i /c i is in the interior of either part P or path R. Now, Corollary 2.7 shows that denominators of successive convergents of negative continued fraction expansions in lowest terms are increasing, and the same holds for the reciprocals of the convergents. Lemma 2.9 shows that if we divide these convergents (or their reciprocals) by N and reduce to lowest terms, then the lowest common multiples of the denominators with N also form an increasing sequence. Thus, if b i /c i is in the interior of path R, we see that lcm(c i+1 , N ) > lcm(c i , N ). If b i /c i is in the interior of path P , then lcm(c i−1 , N ) > lcm(c i , N ). ✷ Remark 2.19 The quantities lcm(c i , N ) will be interpreted as multiplicities of irreducible components of the special fiber of an arithmetic surface in §6 and §7.
Arithmetic quotient singularities
In this section we state and discuss the key definitions used in this paper. In particular, we define the notion of arithmetic quotient singularity on an arithmetic surface.
3.1
For the convenience of the reader we start by recalling some facts on minimal regular resolution of arithmetic surfaces. Let S be an excellent connected Dedekind scheme. By an arithmetic surface over S we mean a normal S-curve X → S (so X → S is of finite type and flat of relative dimension 1).
By [CES03, Theorem 2.2.2] there exists a proper birational morphism π : X reg → X such that X reg is a regular S-curve, and the fibers of π do not contain any −1-curves (see [CES03, Definition 2.2.1]). Such an S-scheme is unique up to unique isomorphism, and every proper birational morphism X ′ → X with a regular S-curve X ′ admits a unique factorization through π. We call π : X reg → X the minimal regular resolution of X .
We remark that if X is proper over S and has smooth generic fiber X of genus ≥ 1, X reg is the well-known minimal regular S-model of X (see e.g. [Liu02] , §9.3).
We will mainly use the following variant of the minimal regular resolution. Let x ∈ X be a closed point on an arithmetic surface over S. Let U ⊂ X be an open neighborhood of x which does not contain any nonregular points except x. We define the minimal regular resolution of X in x to be the morphism π x : X x → X obtained by gluing X − {x} to the part of X reg lying over U (cf. [CES03, Definition 2.2.3]). (Clearly, all points on X x above x are regular, but there may be nonregular points on X x as well.) By [CES03, Corollary 2.2.4], X x enjoys uniqueness and minimality properties analogous to X reg .
3.2
Let us fix an arithmetic surface X → S and a closed point x ∈ X . Let π : X ′ → X denote the minimal regular resolution in x. The fiber E x := π −1 (x) is called the exceptional fiber of the resolution. We may consider E as a Cartier divisor on X ′ and write it as a formal sum
where the E i are the reduced irreducible components of E x and m i ≥ 1 is called the multiplicity of E i . We note that the m i depend only on E x as a k(x)-scheme. We also have an intersection pairing on divisors on X with support on E x , which is codified by the intersection matrix
The following proposition states that the structure of the exceptional fiber of the minimal regular resolution in x depends only on the formal neighborhood of x in X .
Proposition 3.1 Let X 1 , X 2 be two arithmetic surfaces and x i ∈ X i , i = 1, 2 be closed points. Assume that the complete local ringsÔ X i ,x i are isomorphic as O S -algebras. Then the exceptional fibers of the minimal regular resolutions in x 1 and x 2 are isomorphic (including their intersection product).
Proof: It follows from the assumption and from Artin's Approximation Theorem ([Art69, Corollary 2.6]) that (X 1 , x 1 ) and (X 2 , x 2 ) have a commonétale neighborhood (X 3 , x 3 ) with the same residue field (i.e. k(
). Now the claim follows from the fact that the minimal regular resolution is unique and commutes with residually trivialétale base change ([CES03, Corollary 2.
2.4]). ✷
We include a well-known formula for self-intersection numbers, which is an immediate consequence of [Liu02, Lemma 9.1.21(b)].
Proposition 3.2 Let X → S be a regular arithmetic surface, and let Z be a reduced irreducible component of the fiber X s over a closed point s of S. Assume all intersections of Z with other irreducible components of
where m Z , m Z ′ are the multiplicities of Z, Z ′ , respectively, and the sum is over irreducible components of X s intersecting Z, other than Z.
We also include the following proposition, the exact statement of which we could not find in the literature (but compare the paragraph before [CES03, Lemma 2.1.1]). S,s , we may assume S is local. By Proposition 3.1, embedding X into a proper arithmetic surface does not change the minimal resolution in x, so we may assume that X → S is proper. By [CES03, Lemma 2.1.1], a birational morphism X ′ → X is a regular resolution of X in x if and only if the same is true of its base change X ′ A → X A . It remains to show that if X ′ → X is a regular resolution of X in x, then an irreducible component E of X ′ not contained in the strict transform of X is a −1-curve if and only if the same is true for all irreducible components F of the base change E A . Let K A and K be canonical divisors of X ′ A and X ′ , respectively. Since X ′ A → X ′ is unramified, K A is the pullback of K. So K · E < 0 if and only if K A · F < 0 for each F . Since E intersects at least one other irreducible component of the special fiber of X ′ , Proposition 3.2 shows that E · E < 0 and likewise F · F < 0 for each F . By [Liu02, Proposition 9.3.10(a)], we are done. ✷
3.3
From now on we assume that S = Spec O K , where K is a complete discrete valuation ring with algebraically closed residue field k as in §1.3. By Proposition 3.3, this assumption entails no great loss of generality. In particular, this situation includes all information about resolution of singularities of arithmetic surfaces over rings of integers in global fields.
Let X → S be an arithmetic surface. We let X := X ⊗ K denote the generic andX := X ⊗ k the special fiber. Note that X is a smooth K-curve. If X → S is proper, then X/K is projective and we call X a model of X.
Let L/K be a Galois extension, with Galois group G. We let Y :=X L denote the normalization of X in the function field of
The map Y → X is finite, and G acts on Y in such a way that X = Y/G. Definition 3.4 Let X → S be as above, and let x ∈X be a closed point that is singular on X .
(a) We call x an arithmetic quotient singularity on X if there exists a finite Galois extension L/K such that Y :=X L is smooth over O L at one (equivalently all) points above x. We say that L/K resolves the singularity x ∈ X .
(b) We say that x is a strict arithmetic quotient singularity if (a) holds and the Galois extension L/K can be chosen such that for one (or for all) points y ∈ Y above y the action of the stabilizer G y ⊂ G of y on the special fiberȲ of Y is faithful. We say that L/K faithfully resolves the singularity x ∈ X .
(c) An arithmetic quotient singularity x is called weak and wild if it is strict, and if for one (equivalently all) points y above x the stabilizer G y is a p-group whose action on the complete local ringÔȲ ,y
] is weakly ramified. In particular, G y is an elementary abelian p-group (see Proposition 2.1).
Remark 3.5 (i) An arithmetic quotient singularity need not be strict. See Remark 6.2 for an example.
(ii) Let L/K be a Galois extension which resolves the arithmetic quotient singularity x ∈ X , and let y ∈ Y :=X L be a point above x. The stabilizer G y ⊂ G of y acts naturally on the complete local ringÔȲ ,y (iii) It follows from (ii) that if x ∈ X is a strict arithmetic quotient singularity then the Galois extension L/K which faithfully resolves x is unique. This is implicitly used in Part (c) of the definition.
(iv) In general, G y = G. However, the image of y on the arithmetic surface Y/G y over Spec O L Gy is then an arithmetic quotient singularity which is faithfully resolved by the G y -extension L/L Gy . Moreover, it is formally isomorphic to the original singularity. So in view of Proposition 3.1 we may assume G = G y if we are only interested in the structure of the minimal resolution.
Definition 3.6 Let G be a finite group. A strict arithmetic G-quotient singularity is a strict arithmetic quotient singularity x ∈ X as above such that G ∼ = Gal(L/K) for a finite Galois extension L/K which faithfully resolves x. (This makes sense by Part (iii) of the remark.)
Deformation theory
In this section we prove that every weak wild arithmetic quotient singularity is formally isomorphic to one such singularity on an integral model of the projective line X = P 1 K .
4.1
Throughout, we fix a finite Galois extension L/K with Galois group G which is an elementary abelian p-group. We choose prime elements π L of O L and π K of O K . Note that O K and O L have the same residue field k and hence that G acts trivially on k.
SetR We are interested in sections ρ : G →Ã of (4.1), up to conjugation by an element of A. We write S for the set of all sections, andS := S/A for the set of conjugacy classes. Let ρ ∈ S be a fixed section. Then ρ induces a left action of G on A by conjugation:
We write A ρ for the group A considered as a G-module, via this action. Then we have a natural
defined as follows. A section ρ ′ : G →Ã is mapped to the cocycle
One easily checks that this map descends to a bijection
Throughout, we use the notation from [Ser97, Chapter I.5]. Note that H 1 (G, A ρ ) andS are pointed sets but not groups.
For any integer
and let A n denote the set of O L -linear continuous automorphisms ofR n . Then we defineÃ n as the pushout of the extension (4.1) along the surjective morphism A → A n :
An element ofÃ n is given by a pair (a, σ), where
Let S n denote the set of sections of the lower row of (4.2). We have natural maps S → S n and S n+1 → S n such that
These induces mapsS →S n andS n+1 →S n such that
If we fix a section ρ n : G →Ã n then we have bijections
From now on, we letρ : G →Ã 0 ∈ S 0 be a fixed section. We note thatÃ
. We let Sρ denote the set of elements of S which liftρ. Similarly, we obtain subsetsSρ, Sρ n andSρ n .
For a given n ≥ 1 we consider the short exact sequence
It is easy to see that the kernel Θ n is an abelian and normal (but not a central) subgroup of A n . Elements a ∈ Θ n can be identified with k-linear derivations θ :
Here f ∈R n andf denotes the image of
If ρ n : G →Ã n is a section liftingρ then we obtain a short exact sequence of G-modules:
Here we denote by ρ n−1 the composition of ρ n withÃ n →Ã n−1 . Also, since the G-module structure of Θ n depends only onρ which is fixed throughout, Θ = Θ n is independent of n via the identification with
. Hence we drop the indicesρ and n. The G-action on Θ is given by
By [Ser97, Chapter I.5.6], (4.4) induces a long exact sequence of pointed sets
In particular, the abelian group H 1 (G, Θ) acts, via δ, transitively on the set of equivalence classes of sections ρ ′ n : G →Ã n which lift ρ n−1 . Note that this action may not be faithful, because the image of the map (A
may be a nontrivial subgroup.
4.3
Let us now fix a section ρ n−1 ∈ S n−1 . We will show that the obstruction against lifting ρ n−1 to a section ρ n ∈ S n is represented by an element in H 2 (G, Θ). For this we choose a set theoretic lift ρ n : G →Ã n of ρ n−1 and define the map a : G 2 → Θ by
A tedious but straightforward computation shows that a is a cocycle, i.e. that σ a τ,η a −1 στ,η a σ,τ η a −1 σ,τ = 1, for all σ, τ, η ∈ G. Let ∆(ρ n−1 ) ∈ H 2 (G, Θ) denote the class of a. We claim that ∆(ρ n−1 ) does not depend on the chosen lift ρ n . Indeed, if ρ ′ n is any other lift, we set
and then
στ a σ,τ , which shows that the cocycles a and a ′ differ by a coboundary. Now it follows from the definition that the class ∆(ρ n−1 ) ∈ H 2 (G, Θ) is trivial if and only if there exists a section ρ n ∈ S n lifting ρ n−1 .
4.4
Let
and B denote the group of O L -linear automorphisms of R. Then B is a subgroup of A. We may also consider B as a subgroup of PGL 2 (O L ), namely
Similarly, setB = Aut O K (R). Then we have again a short exact sequence
which is the pullback of the sequence (4.1) via the inclusion B ֒→ A. Also, for every n ≥ 0 we have quotient groups B → B n ,B →B n which are subgroups of A n andÃ n , respectively, which form short exact sequences 1 → B n →B n → G → 1.
For n ≥ 1 we let L n denote the kernel of the morphism B n → B n−1 . Elements of L n can be represented by matrices of the form
with a, b, c, d ∈ k arbitrary. By fixing π L we therefore obtain an identification
In particular, L = L n is a k-vector space of dimension 3. The inclusion B n ֒→ A n induces an inclusion L ֒→ Θ, and this map identifies L with the space of global sections of the tangent sheaf on
4.5
From now on, we assume that the sectionρ ∈ S 0 chosen in the §4.2 has image in B 0 ,
Then L ⊂ Θ is stable under the G-action induced byρ.
Theorem 4.8 Assume that the map
is surjective, and that the map
is injective. Then every section ρ : G →Ã liftingρ is conjugate to a section ρ ′ : G →B ⊂Ã liftinḡ ρ.
Proof: We prove by induction that for every n ≥ 0, a section ρ n ∈ Sρ n is conjugate to a section ρ ′ n : G →B n liftingρ. For n = 0 the claim is empty, so we may assume n ≥ 1. We may also assume, by induction, that the reduction ρ n−1 of ρ n has image inB n−1 . Let ρ ′ n : G →B n be a set theoretic lift of ρ n−1 . Then
vanishes, because of the existence of the lift ρ n . Using our assumption on H 2 we conclude that the class of a in H 2 (G, L) is trivial. Hence we may assume that ρ ′ n : G →B is a group homomorphism. Set a
defines a section ρ ′′ n : G →B n lifting ρ n−1 and which is conjugate to ρ n . This completes the proof of the theorem.
4.6
LetX = Spec A be a formal weak wild arithmetic quotient singularity over O K which is faithfully resolved by the extension L/K. Recall that this means the following: (i) A is an integral, noetherian, flat, complete local O K -algebra with residue field k. ] extends to an action of G on an algebraic curveX/k with full inertia group at one point and no inertia elsewhere, such thatX/G ∼ = P 1 . After a change of variables, we may assume T ∈ k(X). Since the G-action is weakly ramified, [Ser68, IV, Proposition 4] shows that the ramification divisor has degree 2(|G| − 1). The Riemann-Hurwitz formula then shows thatX ∼ = P 1 as well. Thus G acts on T via rational functions, andρ : G ֒→ Aut k (k(T )) ∼ = P GL 2 (k). Now we use that any subgroup of P GL 2 (k) isomorphic to G is conjugate to a subgroup of B 0 , the group of lower triangular matrices.
✷ From now on, we assume that the conclusion of Lemma 4.9 holds. We are then in the situation of §4.5. In particular, we can consider L as a sub-G-module of Θ. L . This can be represented by an element of H 1 (G, P GL 2 (O L )), where the G-action on P GL 2 (O L ) comes from the given action on L. By Hilbert's Theorem 90,
is given by a coboundary, so it has the form g(x) = xB g B −1 where B ∈ P GL 2 (O L ) is independent of g ∈ G.
Letting y = xB −1 , we see that g(y) = x(B g ) −1 B g B −1 = y for all g ∈ G. Thus G fixes y, and if
is the smooth model of P 1 L with coordinate y, the G-action on Y is given purely by the G-action on L.
Since G is a p-group and the special fiber of Y is isomorphic to P 1 k , the action of G on Y is either trivial or free with the exception of one point with inertia group G. Only the nontrivial case corresponds to a weak wild quotient singularity. This finishes the proof of the corollary. ✷ Definition 4.12 A G-action as in Corollary 4.11 is called a purely arithmetic G-action.
Recall that, according to [Lip69, Definition 1.1], a closed point x of a two-dimensional scheme X is a rational singularity if O X ,x is normal and if there exists a desingularization Z of Spec O X ,x such that H 1 (Z, O Z ) = 0. Equivalently, for every modification f : X ′ → X , the stalk of R 1 f * O X ′ at x vanishes (this follows from [Lip69] , Proposition 1.2).
Corollary 4.13 Every weak wild arithmetic quotient singularity is a rational singularity.
Proof: By Corollary 4.11, such a singularity can be realized on a quotient of a smooth model of P 1 L by an arithmetic action of Gal(L/K). That is, the singularity can be realized on a normal model
for all modifications π : X ′ → X (this follows, for instance, from [Har77, Theorem III.12.11(a)]). If f : X ′ → X is any modification, then f * O X ′ ∼ = O X , since X is normal. The sheaf R 1 f * O X ′ has support in the finitely many closed points of X where f is not an isomorphism. The exact sequence of low-degree terms of the Leray spectral sequence yields
As we have seen above, the first two terms vanish, so the third term vanishes as well. Thus, the model X has only rational singularities. ✷ Remark 4.14 In the equicharacteristic case, Corollary 4.13 recovers [Lor18, Theorem 4.1].
Mac Lane's theory of inductive valuations
We give a brief introduction to the theory of inductive valuations, which was first developed by Mac Lane in [Mac36] . Our main reference is [Rüt14] . Define a geometric valuation of K(X) to be a discrete valuation that restricts to v K on K and whose residue field is a finitely generated extension of k with transcendence degree 1. By [Rüt14, Proposition 3.4], normal models X of P 1 K correspond to non-empty finite collections of geometric valuations, by sending X to the collection of geometric valuations corresponding to the local rings at the generic points of the irreducible components of the special fiber of X .
We place a partial order on valuations by defining v
. Let v 0 be the Gauss valuation on K(x). This is defined on K[x] by v 0 (a 0 + a 1 x + · · · a n x n ) = min 0≤i≤n v K (a i ), and then extended to K(x). A particularly useful way of encoding geometric valuations v such that v v 0 is as so-called inductive valuations. These inductive valuations come from successive "augmentations" of the Gauss valuation. The idea is that each augmentation of a given valuation "declares" a certain polynomial to have higher valuation than expected.
More specifically, if v is a geometric valuation such that v v 0 , the concept of a key polynomial over v is defined in [Rüt14, Definition 4.7]. These are monic polynomials in R[x], see Remark 5.2 below. If φ ∈ R[x] is a key polynomial over v, then for λ ≥ v(φ), we define an augmented valuation
whenever the a i ∈ K[x] are polynomials with degree less than deg(φ) (we should think of this as a "base φ expansion"). By [Rüt14, Lemmas 4.11, 4.17], v ′ is in fact a discrete valuation. It extends to K(x).
is the same as v, but it will sometimes be convenient for us to allow these "trivially augmented" valuations.
We extend this notation to write inductive valuations
where each g i (x) ∈ R[x] is a key polynomial over v i−1 , we have deg The following lemma contains some basic observations about inductive valuations.
an inductive valuation on K(x).
Let X be a normal model of P 1 K containing an irreducible componentV corresponding to v. 
The following application of Proposition 5.4 will be useful for classifying singularities.
Lemma 5.5 Let L/K be a Galois extension of degree d, and suppose
α ∈ O L generates L as a field over K. Let w = [w 0 , w 1 (x − α) = λ], where w 0 is the Gauss valuation on L[x]. Suppose v L (α ′ − α ′′ ) = λ for all Galois conjugates α ′ = α ′′ of α over K. The
restriction of w to K[x], after rescaling so that it extends v K , is the (unique) inductive valuation of the form
where v 0 is the Gauss valuation of K and g n is the minimal polynomial of α.
Proof: Since the difference of any two Galois conjugates of α has valuation λ, we have the 
where α generates L as a field over K and 0 < v L (α) < λ < p e .
Proof: By Corollary 4.11, we know that the singularity is formally isomorphic to one coming from an action of an elementary abelian group G ∼ = (Z/p) e on a smooth model Y of P 1 L , where K = L G , the action on the generic fiber is purely arithmetic, and there is exactly one fixed point on the special fiber. Let L(x) be the function field of P 1 L , where x is fixed by G. Let w be the valuation of L(x) corresponding to the special fiber of the model Y, and let v be the restriction of w to K(x). Then v corresponds to the special fiber of the model X := Y/G of P 1 K . After a change of variable defined over K, which does not change the formal isomorphism class of the singularity, we may assume that w ≻ w 0 where w 0 is the Gauss valuation on L(x) with respect to x. Since Y is smooth, Lemma 5.3(iv) shows that w can be expressed in the inductive form
where α ∈ L satisfies v L (α) > 0 and λ > 0. The unique fixed point on the special fiber of Y under the G-action is the specialization of those x such that v L (x − α) < λ, so no x ∈ L that is fixed by any nontrivial element of G can satisfy v L (x − α) ≥ λ. In particular, the closed disk does not contain the point 0, and we may thus assume that λ > v L (α). Furthermore, α generates L as a field extension of K.
By Lemma 2.2, there exists δ ∈ K such that replacing x and α with x + δ and α + δ implies that p e ∤ v L (α). Lastly, by replacing x and α with νx and να for some ν ∈ K, we may assume 0 < v L (α) < p e . Since neither of the above substitutions changes the formal isomorphism class of the singularity, the proof is complete. ✷
Then Gal(L/K) fixes the specialization of x = ∞, and the action of σ ∈ Gal(L/K) on the special fiber of Y is nontrivial if and only if λ = v L (σ(α) − α). Thus, the resulting arithmetic quotient singularity is strict if and only if the final inequality is an equality for all nontrivial σ.
We are now able to state our first main theorem.
Theorem 6.3 Every weak wild arithmetic quotient singularity faithfully resolved by a Galois extension L/K is formally isomorphic to the unique singularity of the model X of P 1
K with irreducible special fiber corresponding to a valuation of the form
where (i) All c i are positive integers, and c 1 , . . . , c n−1 are prime to p. Furthermore, c 1 < p e 1 .
(ii) g 1 (x) = x. 
, where w is the valuation on L[x] from Lemma 6.1. So we need only show that v has the properties (i)-(vi) of the theorem. First, we make some observations about α and λ. Let Y be as in Lemma 6.1. Since the action of G := Gal(L/K) is faithful on the special fiber of Y, we must have v L (σ(y) − y) = λ for all nontrivial σ ∈ G and all y ∈ L with v L (y − α) = λ. In particular, this is true whenever y is Galois conjugate to α, so we are in the situation of Lemma 5.5. Thus we can write v = [v 0 , v 1 (g 1 ) = λ 1 , . . . , v n−1 (g n−1 (x)) = λ n−1 , v n (g n (x)) = c n ], where the g i are key polynomials of strictly increasing degree, where g n is the minimal polynomial for α, and where c n = λ. This proves (v) 
). By Lemma 6.1 we may assume that 0 < r = w(α) < c n = w(x − α) < p e . Since w(α) < w(x − α), we have w(x) = w(α), and consequently v(x p e ) = v(N (α)). In other words, v(x) = r/p e < 1. Since x is a key polynomial over v 0 and since setting v(x) = r/p e uniquely determines the evaluation of v on any linear polynomial, we can set g 1 (x) = x and λ 1 = r/p e . This proves (ii), as well as the assertion in (i) about c 1 and the fact that r = c 1 p e−e 1 in (vi). In particular, this finishes the proof of (i).
We also note that if p ∤ r, then Proposition 2.4(i) shows that L/K has a unique ramification jump s and that λ = c n = r + s. If p | r, then Proposition 2.4(ii) shows that λ = c n > r + s, where s is the largest lower ramification jump for L/K. Since p ∤ r exactly when e = e 1 , this finishes the proof of (vi).
Since k is algebraically closed, [Rüt14, Corollary 4.30] 2 shows that for i ≥ 2, we have
when we set e 0 = 0. Parts (iii) and (iv), except for the statement that e n−1 = e, then follow from this statement and induction. By part (i) and the fact that the e i are increasing from (iii), the value group of v is (1/p e n−1 )Z, so e n−1 = e. This finishes the proof of (iii). ✷ Corollary 6.5 Every weak wild arithmetic Z/p-quotient singularity of an arithmetic surface over K is formally isomorphic to the unique singularity of a model X of P 1 K with irreducible special fiber corresponding to a valuation of the form
where 0 < r < p and g 2 (x) is an irreducible degree p polynomial, any of whose roots generates a Z/p-extension L/K with ramification jump s that faithfully resolves the singularity.
Part (i): Assume, for a contradiction, that X ′ is regular. Then the height 1 prime divisor supporting the closure of the given L-point is principal. If w generates the corresponding prime ideal, then O X ,x /(w) ∼ = O L . The prime divisor D supporting the restriction of V to X ′ is also height 1, and thus principal, say corresponding to an ideal (t). Since V has multiplcity m, we have (t) m = (π K ). This equality also holds after taking quotients by (w). Thus, the ideal (π K ) has an mth root in O L . Since [L : K] < m, this is a contradiction.
Part (ii): Let x be a closed point of X specializing tox, and suppose x has residue field L. The divisor of x is a principal divisor of the generic fiber of X ′ . Let (w) ⊆ O X ′ ,x ⊗ O K K be the corresponding prime ideal. For 1 ≤ i ≤ r, let (t i ) be the principal ideal corresponding to D i . After multiplying w with appropriate powers of the t i , we may assume the divisor of w on X ′ is the reduced divisor of the closure of x, which is an O L -point. That is, O X ′ ,x /(w) ∼ = O L . So w and any preimage of π L in O X ,x generate the maximal ideal. ✷ Lemma 7.2 Let X be the model of P 1 K with irreducible special fiber corresponding to the inductive
(i) There is a singularity at the specialization of g n (x) = 0 if and only if λ n does not lie in the additive group generated by 1, λ 1 , . . . , λ n−1 .
(ii) There is a singularity at the specialization of x = ∞ unless n = 1 and λ 1 is an integer, in which case there is no singularity.
(iii) There is no singularity at any other point.
Proof: Part (i): Let N > 0 be such that (1/N )Z is the additive group generated by 1, λ 1 , . . . , λ n−1 . Since k is algebraically closed, repeated application of [Rüt14, Corollary 4.30] shows that N is the degree of g n . So g n (x) = 0 is a point of degree N on the generic fiber.
If λ n / ∈ (1/N )Z, then the multiplicity of the special fiber is greater than N , so the specialization of g n (x) = 0 is singular by Lemma 7.1. If λ n ∈ (1/N )Z, then the multiplicity of the special fiber is N . Furthermore, one can construct a rational function h = cg 1 (x) b 1 · · · g n−1 (x) b n−1 with c ∈ K with v(h) = 1/N . Since none of the zeroes of g 1 (x), . . . , g n−1 (x) have the same specialization as the zeroes of g n (x), the divisor of h is locally (near the specialization of g n (x) = 0) equal to the unique D i from Lemma 7.1(ii). Lemma 7.1(ii) then implies that the specialization of g n (x) = 0 is regular.
Part (ii):
The point x = ∞ has degree 1 over K. If the multiplicity of the special fiber of X is greater than 1, then Lemma 7.1(i) shows that the specialization of x = ∞ is singular. If the multiplicity of the special fiber is 1, the special fiber is reduced and equal to V (π K ), so Lemma 7.1(ii) applies and the specialization of x = ∞ is regular.
The special fiber is reduced if and only if n = 1 and λ 1 is an integer by Lemma 5.3(v). Thus the specialization of x = ∞ is regular exactly in this case.
Part (iii): Letz be a point of the special fiber not covered in parts (i) or (ii). Let N > 0 be such that the additive group generated by 1, λ 1 , . . . , λ n is (1/N )Z. There is a rational function h = cg 1 (x) b 1 · · · g n (x) bn such that v(h) = 1/N . Since none of the zeroes of g 1 (x), . . . , g n (x) specialize toz, the divisor of h is locally (nearz) the prime divisor corresponding to the special fiber. By Lemma 7.1,z is regular in X . ✷
We now discuss when an intersection point of two irreducible components of the special fiber of a model can be singular, in a particular case necessary for us.
Lemma 7.3 Let X be the model of P 1 K whose special fiber has two intersecting irreducible components corresponding to
There is a singularity at the intersection point of these two irreducible components if and only if
, where
• N > 0 and 1/N generates the additive group generated by 1, λ 1 , . . . , λ n−1 .
Proof: Let y = αg 1 (x) a 1 · · · g n−1 (x) a n−1 be such that v(y) = w(y) = 1/N , with α ∈ K and the a i ∈ Z. 
If λ ′ n −λ n = N/lcm(N, c)lcm(N, c ′ ) = mm ′ /N cc ′ , then the ordered pairs above are (0, 1/lcm(N, c ′ )) and (1/lcm(N, c), 0), respectively. In other words, h and h ′ yield principal prime divisors locally corresponding to the irreducible components of the special fiber of X near the intersection point. By Lemma 7.1(ii), the intersection point is regular. Note that it is not possible to have λ ′ n −λ n < N/lcm(N, c)lcm(N, c ′ ), because v(h ′ ), for instance, would be too small to lie in the value group of v.
If λ ′ n − λ n > N/lcm(N, c)lcm(N, c ′ ), then take a shortest N -path λ ′ n = β 0 /γ 0 > β 1 /γ 1 > · · · > β r /γ r = λ n , where the β r /γ r are in lowest terms. Note that r ≥ 2. Consider the normal model X ′ of P 1 K whose special fiber has r + 1 irreducible components X i corresponding to
for 0 ≤ i ≤ r. The model X ′ is a blow up of X . We claim that X ′ has no −1-components outside of the strict transforms X 0 and X r of the components of the special fiber of X . The claim shows that the intersection point of the two irreducible components of the special fiber of X is not regular, because if it were, we would be able to blow down −1-components of the special fiber of X ′ one by one, eventually obtaining X . To prove the claim, we observe that for 0 < i < r, the multiplicity µ i of X i is lcm(N, γ i ). By Corollary 2.18, either µ i−1 ≥ µ i or µ i+1 ≥ µ i . But, by Proposition 3.2, the self-intersection of X i is −1 if and only if µ i = µ i−1 + µ i+1 . Since this is impossible, the claim is proved. ✷
The above characterizations of singularities yield two corollaries about their explicit resolutions.
Corollary 7.4 Let X be the model of P 1 K from Lemma 7.2, and let N be such that the additive group generated by 1, λ 1 , . . . , λ n−1 is (1/N )Z. If X has a singularity at the specialization of g n (x) = 0, the minimal resolution of this singularity is the normal model X ′ of P 1 K whose special fiber has irreducible components corresponding to
as λ runs through a shortest N -path from λ ′ n to λ n , where λ ′ n is the least rational number greater than λ n that is in (1/N )Z.
Proof: By Lemma 7.2, any singularities on the exceptional divisor of X ′ can only appear on intersections of two irreducible components (in particular, there is no singularity at the specialization of g n (x) = 0 to the irreducible component X λ ′ n corresponding to λ ′ n ). By Lemma 7.3 and Definition 2.10, there are in fact no singularities at these intersection points, but there will be if any component of the exceptional divisor other than X λ ′ n is blown down. Furthermore, our shortest N -path does not contain any entries in (1/N )Z other than λ ′ n , so Lemma 7.2 shows that blowing down X λ ′ n also yields a singularity. Thus X ′ is the minimal resolution. ✷ Corollary 7.5 Let X be the model of P 1 K from Lemma 7.3, and let N be as in Lemma 7.3. If X has a singularity at the intersection point of the two irreducible components on the special fiber, the minimal resolution of this singularity is the normal model X ′ of P 1 K whose special fiber has irreducible components corresponding to
as λ runs through a shortest N -path from λ ′ n to λ n .
Proof: Again, by Lemma 7.2, any singularities on the exceptional divisor of X ′ can only appear on intersections of two irreducible components. But Lemma 7.3 and Definition 2.10 show that these points are not singular, and furthermore that blowing down any irreducible component of the exceptional divisor yields a singularity. ✷ 7.2 Weak wild quotient singularities From Theorem 6.3, we know that any strict weak wild arithmetic quotient singularity over K appears as the unique singularity of the normal model X of P 1 K with irreducible special fiber corresponding to a valuation of the form in (6.4), where n ≥ 2 in (6.4). By Lemma 7.2, the singularity occurs at the specialization of x = ∞. The following theorem gives an explicit resolution of this singularity.
The dual graph of the minimal resolution of a weak wild arithmetic quotient singularity. The white vertex corresponds to the strict transform of component containing the singularity, while the black vertices correspond to components of the exceptional fiber.
Theorem 7.6 Let X be the normal model of P 1 K with irreducible special fiber corresponding to a valuation of the form
where the c i , e i , and g i satisfy conditions (i) through (iv) of Theorem 6.3. Write λ i = c i /p e i for 1 ≤ i ≤ n − 1, and λ n = c n . Set c 0 = e 0 = 0. The minimal regular resolution of X is the normal model X ′ of P 1 K whose special fiber has irreducible components corresponding to the following valuations:
• For each 0 ≤ i ≤ n, the valuation v i given as part of the inductive valuation v.
• For each 1 ≤ i ≤ n − 1, the valuations
as λ ranges through a shortest p e i−1 -path from α i to λ i , where α i is the least rational number greater than λ i in (1/p e i−1 )Z.
• For each 0 ≤ i ≤ n − 1, the valuations
as λ ranges through a shortest p e i -path from λ i+1 to c i /p e i−1 = p e i −e i−1 λ i .
The dual graph of the special fiber of X ′ is shown in Figure 1 .
Proof: We first show that X ′ is regular. Consider the normal model X ′′ of P 1 K whose special fiber has irreducible components corresponding to the valuations v 0 , v 1 , . . . , v n . Let X i be the blow down of X ′′ given by blowing down all irreducible components on the special fiber other than the one corresponding to v i . By applying Lemma 7.2 to each of the X i , we see that any singularities of X ′′ must lie at the intersection point z i of the two irreducible components of the special fiber corresponding to v i and v i+1 for some i, or must lie at the strict transform y i of the specialization of g i (x) = 0 to X i for some i.
By Corollary 7.4, the minimal resolution of the singularity at y i on X ′′ is the model of P 1 K whose special fiber has irreducible components corresponding to v 0 , . . . , v n , as well as the v i,λ . So resolving all of the y i minimally yields a model X ′′′ whose special fiber has irreducible components corresponding to the v i and the v i,λ . Write z i again for the strict transform of z i on X ′′′ . Let us resolve all of the z i . We note, since g i+1 (x) is a key polynomial over v i and
. By Theorem 6.3(iv), deg(g i+1 )/ deg(g i ) = p e i −e i−1 . So the valuation v i can also be written as
By Corollary 7.5, the minimal resolution of the singularities at the z i on X ′′′ is the given model X ′ , whose special fiber has irreducible components corresponding to the v i , the v i,λ , and the w i,λ . Thus X ′ is regular, and furthermore, it is a minimal regular resolution of X ′′ . It remains to show that X ′ is a minimal regular resolution of X . To do this, it suffices to show that the special fiber of X ′ has no −1-curves. Since X ′ is a minimal resolution of X ′′ , it suffices to check that no strict transform of an irreducible component of the special fiber of X ′′ (other than the one corresponding to v n ) in X ′ is a −1-curve. Such a component corresponds to a valuation v i , with 0 ≤ i < n. By Proposition 3.2, a component has self-intersection −1 if and only if its multiplicity is equal to the sum of the multiplicities of its neighboring components.
First, suppose i ≥ 1. The multiplicity of the irreducible component V of the special fiber corresponding to v i is p e i , which is properly divisible by p e i−1 . Proposition 2.12 implies that if w i,λ is the valuation corresponding to the component W of the exceptional divisor of the resolution of z i intersecting V , then the denominator of λ (in lowest terms) is divisible by p e i . This means that W has multiplicity divisible by p e i . Since W is not the only component of the special fiber of X ′ intersecting V , it is not possible for V to be a −1-curve.
Lastly, if i = 0, then the multiplicity of the irreducible component V corresponding to v 0 is 1, and the multiplicity of the unique neighboring component w 0,λ is strictly greater than 1, since 0 < λ ≤ λ 1 < 1. This completes the proof. ✷ Remark 7.7 The special fiber of the resolution X ′ above has simple normal crossings, so X ′ is also the minimal snc-resolution.
Recall from Definition 6.6 that a singularity of type (r, s) is a singularity isomorphic to the unique singularity of the model of P 1 K with irreducible special fiber corresponding to the valuation
where g(x) is an irreducible polynomial of degree p giving rise to the associated Z/p-extension L/K. By Corollary 6.5, every weak wild strict arithmetic Z/p-quotient singularity over K has type (r, s) for some s > 0 and 0 < r < p, and s is the ramification jump of L/K. Figure 2 , where by extended arithmetic graph we mean the a graph whose vertices are labeled with multiplicity and self-intersection numbers, and one vertex (the "link") is drawn in white to represent the strict transform of the component containing the singularity. The graph has a unique node of valency 3, a unique link and exactly two terminal vertices.
Remark 7.9 (i) The three vertices of the (r, s)-graph adjacent to the unique node have multiplicity p, p − t and t, where t is the unique integer such that 0 < t < p and tr ≡ 1 (mod p). In fact, it follows from Proposition 2.6 that b k−1 p − rc k−1 = 1, 0 < c k−1 < p.
Therefore, c k−1 = p − t. A similar argument shows thatb l−1 = t.
(ii) The (r, s)-graph is the arithmetic graph defined in [Lor14, Proposition 4.3] (with t = r(C 1 )). • [v 0 , v 1 (x) = λ], where either λ is a convergent of the negative continued fraction expansion of r/p or 1/λ is a convergent of the negative continued fraction expansion of p/r. In the first case, the corresponding component has multiplicity c i−1 and self-intersection −a i , where 1 ≤ i ≤ k. In the second case, it has multiplicityb i−1 and self-intersection −ã i , where 0 ≤ i ≤ l andb −1 := 1.
• [v 0 , v 1 (x) = r/p, v 2 (g(x)) = λ], where λ ∈ 1 p N and r < λ ≤ r + s. When λ < r + s, the valuation corresponds to a −2-component of the exceptional fiber of multiplicity p and degree 2. When λ = r + s, the valuation corresponds to the strict transform of the special fiber of X , which is the link of the resolution graph.
Proof: The valuations v 0 , [v 0 , v 1 (x) = r/p], and [v 0 , v 1 (x) = r/p, v 2 (g(x)) = r + s] are the valuations v 0 , v 1 , and v 2 from Theorem 7.6. By Lemma 2.14(i), the convergents of the negative continued fraction expansion of r/p form a shortest path from 1 to r/p, and thus the valuations [v 0 , v 1 (x) = λ] as λ runs through these convergents are the valuations v 1,λ from Theorem 7.6. By Lemma 2.14(ii), the reciprocals of the convergents of the negative continued fraction expansion of p/r form a shortest path from r/p to 0, and thus the valuations [v 0 , v 1 (x) = λ] as 1/λ runs through these convergents are the valuations v 0,λ from Theorem 7.6. By definition, the values λ ∈ (1/p)Z between r and r + s form a p-shortest path from r to r + s, so the valuations [v 0 , v 1 (x) = r/p, v 2 (g(x)) = λ] are the valuations w 1,λ from Theorem 7.6. We have shown that the valuations given in part (ii) are in one-to-one correspondence with the valuations from Theorem 7.6, which proves part (ii).
To prove part (i), it remains to compute the self-intersection numbers, which are determined by the intersection graph and the multiplicities. The multiplicities are calculated using Lemma 5.3(ii), and the self-intersection numbers are calculated using Proposition 3.2. Using Proposition 2.6, it is straightforward to verify that the numbers in Figure 2 are correct. ✷
Corollary 7.11
The three irreducible components of the special fiber of the minimal resolution of a singularity of type (r, s) from Corollary 7.10 that intersect the component corresponding to [v 0 , v 1 = r/p] have multiplicity p, t and p − t in the special fiber, where t is the unique integer such that 0 < t < p and tr ≡ 1 (mod p).
Proof: This follows from Remark 7.9(ii). ✷ Remark 7.12 The resolution given in Corollary 7.10 is consistent with the resolution given in [Lor14, Theorem 6.8]. Furthermore, our s corresponds to Lorenzini's α i /p and our r corresponds to Lorenzini's r 1 (i) −1 (mod p). In particular, Corollary 7.10 confirms Lorenzini's prediction about α i before [Lor14, Remark 1.1]. Note that our r and s are completely independent from one another, unlike in the case of a singularity arising from the product of two algebraic curves, as in [Lor18, Theorem 1.2].
Corollary 7.10 shows that the result of [Lor14, Theorem 6.4(b)] holds for individual weak wild arithmetic quotient singularities, regardless of whether they come from ordinary curves. Corollary 7.10 also answers the question asked in [Lor14, Remark 6.9] positively. This has the following consequences, paralleling [Lor14, Corollaries 6.10, 6.14]. Proof: In either the equicharacteristic or the mixed characteristic case, one can find K as in our notation and a G-extension L/K with arbitrarily high single ramification jump s. Let g(x) be the monic minimal polynomial over K for a uniformizer π L of L. By Theorem 7.6(ii), a weak wild quotient singularity arising from a model X of P 1 K with irreducible special fiber corresponding to the valuation [v 0 , v 1 (x) = 1/p e , v 2 (g(x)) = 1 + s] has resolution graph with one node and at least ps vertices (there are ps vertices represented among the w 1,λ , since the elements of (1/p e )Z between 1 and 1 + s form a 1/p e -shortest path from 1 + s to 1). Such a singularity is a G-quotient of a regular two-dimensional local ring, which is our B (or B ′ ).
✷
